
-RXUQDO RI 7KHUPDO $QDO\VLV DQG &DORULPHWU\� 9RO� �� ������ �������

.,1(7,&6�2)�',5(&7�5('8&7,21�2)�&+520(�,521
25(

4��/LQ���5��/LX��DQG�1��&KHQ�

�
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%HLMLQJ *HQHUDO 5HVHDUFK ,QVWLWXWH RI 1RQ�)HUURXV 0HWDOV� %HLMLQJ ������� 3� 5� &KLQD

$EVWUDFW

7KH NLQHWLFV RI GLUHFW UHGXFWLRQ RI DUWLILFLDO FKURPH LURQ RUH ZDV VWXGLHG E\ LVRWKHUPDO DQG

QRQ�LVRWKHUPDO PHWKRGV� ,Q WKH LQLWLDO� PLGGOH DQG ILQDO SHULRGV� WKH UHDFWLRQ LV FRQWUROOHG E\ QX�

FOHDWLRQ DQG JURZWK� D SKDVH ERXQGDU\ UHDFWLRQ� DQG GLIIXVLRQ� UHVSHFWLYHO\� ,Q WKH PDLQ UHDFWLRQ

UHJLRQ� WKH NLQHWLF HTXDWLRQ LV �−(�−α)���=NW DQG WKH DSSDUHQW DFWLYDWLRQ HQHUJ\ LV ��� N- PRO−� �

7KH NLQHWLF PHFKDQLVPV IRXQG ZLWK WKH LVRWKHUPDO DQG QRQ�LVRWKHUPDO PHWKRGV GR QRW GLIIHU� DQG

WKH DFWLYDWLRQ HQHUJ\ YDOXHV DUH DSSUR[LPDWHO\ WKH VDPH� +RZHYHU� WKH QRQ�LVRWKHUPDO PHWKRG

FDQ GHPRQVWUDWH WKH NLQHWLF SURFHVV FRPSOHWHO\�

.H\ZRUGV� FKURPH LURQ RUH� NLQHWLFV� 7*

,QWURGXFWLRQ

&KURPLXP LV RQH RI WKH PRVW JHQHUDO DOOR\ HOHPHQWV� 6WXG\ RI WKH GLUHFW UHGXF�
WLRQ RI FKURPH LURQ RUH SRZGHU IRU WKH XWLOL]DWLRQ RI FKURPH LURQ RUH LV LPSRUWDQW DV
FRQFHUQV PHWDOOXUJLFDO WHFKQRORJ\� 7KH NLQHWLFV RI GLUHFW UHGXFWLRQ RI FKURPH LURQ
RUH KDV EHHQ VWXGLHG H[WHQVLYHO\� EXW RSLQLRQV GLIIHU� 0F.HZDQ >�@ DQG 5DQNLQ >�@
VXJJHVWHG WKDW WKH PHFKDQLVP RI GLUHFW UHGXFWLRQ LV D SKDVH ERXQGDU\ UHDFWLRQ� *DO�
ZD\ >�@ FRQVLGHUHG WKDW WKH UHDFWLRQ LV FRQWUROOHG E\ QXFOHDWLRQ DQG JURZWK� DQG 6DQ�
GHOLQ >�@ UHSRUWHG WKDW ERWK D SKDVH ERXQGDU\ UHDFWLRQ DQG GLIIXVLRQ FRQWURO WKH SURF�
HVV� 7KH SUHVHQW SDSHU LQYHVWLJDWHV WKH GLUHFW UHGXFWLRQ NLQHWLFV RI FKURPH LURQ RUH
DQG FRPSDUHV LVRWKHUPDO DQG QRQ�LVRWKHUPDO NLQHWLF PHWKRGV� 7KH ILQGLQJV SURYLGH
D EDVLV IRU LQGXVWULDO H[SHULPHQWV�

([SHULPHQWDO�DQG�PHWKRGV

,VRWKHUPDO PHWKRG

&KURPH LURQ RUH SRZGHU� JUDSKLWH DQG SRO\DFU\ORQLWULOH ZHUH PL[HG ZLWK ZDWHU
DQG SHOOHWHG WR � ���×��� PP F\OLQGHUV� ZKLFK ZHUH GULHG DW ���R& IRU � K� 7KHVH
VDPSOHV ZHUH WHVWHG YLD WKHUPRJUDYLPHWULF FXUYHV �3( &R�� 7*�� LQ DQ DUJRQ IORZ RI
�� PO PLQ−� DW D FRQVWDQW WHPSHUDWXUH RI ����� ����� ����� ���� RU ����R&� 7KH
WHPSHUDWXUH ZDV FRUUHFWHG ZLWK ILQH FRSSHU DQG QLFNHO ZLUH� 7KH UHGXFWLRQ UDWH α RU
WKH IUDFWLRQ UHDFWHG DW WLPH W ZDV FDOFXODWHG YLD WKH IROORZLQJ HTXDWLRQ�

����±�������� � ����

 ���� $NDGpPLDL .LDGy� %XGDSHVW

$NDGpPLDL .LDGy� %XGDSHVW

.OXZHU $FDGHPLF 3XEOLVKHUV� 'RUGUHFKW
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ZKHUH Z
R
DQG ZW DUH WKH PDVVHV RI WKH VDPSOH LQLWLDOO\ DQG DW WLPH W� UHVSHFWLYHO\� DQG

% LV WKH KLJKHVW UDWH RI WKHRUHWLFDO PDVV ORVV� L�H� WKH UDWH RI PDVV ORVV IRU FRPSOHWH
UHGXFWLRQ RI WKH FKURPH LURQ R[LGH� )RU DUWLILFLDO RUH� % �������

$FFRUGLQJ WR WKH ODZ RI PDVV DFWLRQ� WKH EDVLF NLQHWLF HTXDWLRQ FDQ EH JLYHQ E\
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ZKHUH N LV WKH UDWH FRQVWDQW RI WKH UHDFWLRQ� DQG I(α) DQG J(α) DUH PDWKHPDWLFDO IXQF�
WLRQV GHSHQGLQJ RQ WKH UHDFWLRQ PHFKDQLVP� 7KHUH DUH �� PHFKDQLVP IXQFWLRQV UHS�
UHVHQWLQJ FKHPLFDO UHDFWLRQ� GLIIXVLRQ� QXFOHDWLRQ DQG QXFOHL JURZWK >�@� 7KH GDWD RQ
W DQG α IURP WKH 7* FXUYHV DW FRQVWDQW WHPSHUDWXUH ZHUH UHJUHVVHG OLQHDUO\ E\ FRP�
SXWHU RQ WKH EDVLV RI (T� ��� RU ���� 7KH IXQFWLRQ J(α) JLYLQJ WKH EHVW OLQHDULW\ LV FRQ�
VLGHUHG WKH DFWXDO NLQHWLF PHFKDQLVP IXQFWLRQ� 7KH UDWH HTXDWLRQ RI WKH UHGXFWLRQ UH�
DFWLRQ DQG WKH NLQHWLF SDUDPHWHUV N DQG ( FDQ EH REWDLQHG�

1RQ�LVRWKHUPDO PHWKRG

7KH 7* DQG '7* FXUYHV ZHUH PHDVXUHG LQ WKH UDQJH ���−����R& DW D KHDWLQJ
UDWH RI ��R& PLQ−� DQG DQ DUJRQ IORZ UDWH RI �� PO PLQ−�� 2Q WKH EDVLV RI WKHVH
FXUYHV� WKH UHDFWLRQ IUDFWLRQ α DQG Gα�GW DW WLPH W FDQ EH FDOFXODWHG� 7KH NLQHWLF
HTXDWLRQV IRU WKH GLIIHUHQWLDO DQG LQWHJUDO PHWKRGV DUH DV IROORZV >�� �@�
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ZKHUH Φ LV WKH KHDWLQJ UDWH� ( LV WKH DFWLYDWLRQ HQHUJ\ RI UHDFWLRQ� $ LV WKH SUH�H[SR�
QHQWLDO IDFWRU� 7 LV WKH DEVROXWH WHPSHUDWXUH DQG 5 LV WKH JDV FRQVWDQW�

)URP (TV ��� DQG ���� WKH NLQHWLF DQDO\VHV ZHUH FRPSOHWHG E\ WKH OLQHDU OHDVW�
VTXDUH PHWKRG EDVHG RQ WKH �� PHFKDQLVP IXQFWLRQV� :KHQ WKH YDOXHV RI ( DQG $
IURP WKH WZR PHWKRGV DUH DSSUR[LPDWHO\ WKH VDPH DQG WKH OLQHDU FRUUHODWLRQ FRHIIL�
FLHQW LV WKH KLJKHVW� I(α) DQG�RU J(α) DUH�LV WDNHQ DV WKH SUREDEOH PHFKDQLVP IXQFWLRQ
RI WKH UHDFWLRQ�
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5HVXOWV�DQG�GLVFXVVLRQ

,VRWKHUPDO NLQHWLFV

)RU WKH DUWLILFLDO FKURPH LURQ RUH� WKH FXUYH RI UHGXFWLRQ UDWH ZLWK WLPH �)LJ� ��
GHPRQVWUDWHV WKDW WKH UHDFWLRQ YHORFLWLHV DUH LQFUHDVHG E\ WKH HOHYDWLRQ RI WHPSHUD�
WXUH�

7KH UDWH FRQVWDQWV N ZHUH ���⋅��−�� ����⋅��−�� ����⋅��−�� ����⋅��−� DQG
����⋅��−� PLQ−� DW WHPSHUDWXUHV RI ����� ����� ����� ���� DQG ����R&� UHVSHFWLYHO\�
7KH DFWLYDWLRQ HQHUJ\ LV ��� N- PRO−�� ZKLFK LV FRQVLVWHQW ZLWK WKH GDWD UDQJH
���−��� N- PRO−� JLYHQ LQ WKH OLWHUDWXUH >�@�

7KH UDWH HTXDWLRQ RI WKH UHGXFWLRQ UHDFWLRQ LV EHVW GHVFULEHG DV �−(�−α)���=NW�
ZKLFK UHSUHVHQWV D SKDVH ERXQGDU\ UHDFWLRQ �)LJ� ��� $W ����R& LQ WKH ILQDO SHULRG�
WKH UHDFWLRQ LV FRQWUROOHG E\ WKUHH�GLPHQVLRQDO GLIIXVLRQ DQG KDV D UDWH FRQVWDQW RI

)LJ� � )UDFWLRQ UHDFWHG DV D IXQFWLRQ RI WLPH DW YDULRXV WHPSHUDWXUHV

)LJ� � 5HODWLRQVKLS EHWZHHQ �−(�−α)���
DQG WLPH
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����⋅��−� PLQ−�� 7KH NLQHWLF HTXDWLRQ LV �−�α��−(�−α)���=NW �)LJ� ��� +RZHYHU DW
WHPSHUDWXUHV RI ����−����R&� WKH GLIIXVLRQ�FRQWUROOHG VWHS ZDV QRW REYLRXV�

1RQ�LVRWKHUPDO NLQHWLFV

7KH GLUHFW UHGXFWLRQ RI DUWLILFLDO FKURPH LURQ RUH RFFXUUHG EHWZHHQ ���� DQG
����R& DW D KHDWLQJ UDWH RI ��R& PLQ−�� 7KH UHVXOWV RI WKH H[SHULPHQWV NLQHWLFV RI GL�
UHFW UHGXFWLRQ DUH OLVWHG LQ 7DEOH ��

7KH GDWD LQ WKLV 7DEOH GHPRQVWUDWH WKDW WKH NLQHWLF PHFKDQLVPV IRXQG ZLWK WKH
GLIIHUHQWLDO PHWKRG DQG WKH LQWHJUDO PHWKRG GR QRW GLIIHU� DQG WKH DFWLYDWLRQ HQHUJLHV
DUH QHDUO\ HTXDO� 7KH GLUHFW UHGXFWLRQ SURFHVV LQYROYHV WKUHH VWHSV� ,Q WKH LQLWLDO SH�
ULRG �α<����� WKH NLQHWLF HTXDWLRQ LV >−OQ(�−α)@���=NW� ZKLFK FRUUHVSRQGV WR WKH
$YUDPL HTXDWLRQ DQG LQGLFDWHV WKDW WKLV UHDFWLRQ LV FRQWUROOHG E\ QXFOHDWLRQ DQG QX�
FOHDU JURZWK� 7KH WUDQVIRUPDWLRQ LQGH[ Q LV ���� ZKLFK LQGLFDWHV WKDW WKH QXFOHDWLRQ
UDWH GRHV QRW FKDQJH ZLWK WLPH DQG WKH UHDFWLRQ LV D WKUHH�GLPHQVLRQDO QXFOHDU
JURZWK SURFHVV FRQWUROOHG E\ GLIIXVLRQ� 7KH DFWLYDWLRQ HQHUJ\ LV DERXW ��� N- PRO−��

,Q WKH PLGGOH SHULRG �α=���−������ WKH NLQHWLF HTXDWLRQ LV �−(−α)���=NW� 7KH UHDF�
WLRQ PHFKDQLVP LV D SKDVH ERXQGDU\ UHDFWLRQ� L�H� FRQWUROOHG E\ WKH FKHPLFDO UHDF�
WLRQ� 7KH DFWLYDWLRQ HQHUJ\ LV DERXW ��� N- PRO−�� ZKLFK LV FRQVLVWHQW ZLWK WKH DFWL�
YDWLRQ HQHUJ\ GHWHUPLQHG E\ WKH LVRWKHUPDO NLQHWLF PHWKRG�

)LJ� � 5HODWLRQVKLS EHWZHHQ �−�α��−(�−α)���
DQG WLPH

7DEOH � 1RQ�LVRWKHUPDO NLQHWLFV RI GLUHFW UHGXFWLRQ

α
'LIIHUHQWLDO PHWKRG ,QWHJUDO PHWKRG
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,Q WKH ILQDO SHULRG �α>������ WKH NLQHWLF HTXDWLRQ LV �−�α��−(�−α)���=NW� ZKLFK
FRUUHVSRQGV WR D WKUHH�GLPHQVLRQDO GLIIXVLRQ PHFKDQLVP DQG WKH DFWLYDWLRQ HQHUJ\ LV
��� N- PRO−��

7KH NLQHWLF PHFKDQLVP RI GLUHFW UHGXFWLRQ RI DUWLILFLDO FKURPH LURQ RUH

7KH NLQHWLF SURFHVV RI GLUHFW UHGXFWLRQ RI FKURPH LURQ RUH LQYROYHV WKUHH VWHSV� ,Q
WKH LQLWLDO SHULRG� WKH UHDFWLRQ LV OLPLWHG E\ QXFOHDWLRQ DQG JURZWK DQG LV VORZ� $IWHU
QHZ SKDVHV IRUP� WKH UHDFWLRQ LV FRQWUROOHG E\ D SKDVH ERXQGDU\ UHDFWLRQ� WKH DFWLYD�
WLRQ HQHUJ\ RI ZKLFK LV WKH VPDOOHVW DQG WKH UHDFWLRQ YHORFLW\ LV WKH KLJKHVW� ,Q WKH
ILQDO SHULRG� WKH SURGXFW OD\HU WKLFNHQV DQG WKH UHDFWLRQ LV FRQWUROOHG E\ WKH GLIIXVLRQ
RI UHGXFWLYH DJHQWV LQ WKH SURGXFW OD\HU� 7KH UHDFWLRQ YHORFLW\ EHFRPHV ORZ�

,Q WKH PLGGOH SHULRG� L�H� WKH PDLQ UHDFWLRQ UHJLRQ� WKH NLQHWLF PHFKDQLVPV IRXQG
IURP WKH LVRWKHUPDO DQG QRQ�LVRWKHUPDO PHWKRGV GR QRW GLIIHU� DQG WKH YDOXHV RI WKH
DFWLYDWLRQ HQHUJ\ DUH DSSUR[LPDWHO\ WKH VDPH� +RZHYHU� WKH VWHS RI QXFOHDWLRQ DQG
QXFOHDU JURZWK DW WKH EHJLQQLQJ RI WKH UHDFWLRQ LV QRW REYLRXV ZLWK WKH LVRWKHUPDO
PHWKRG� EHFDXVH WKH PHDVXUHPHQW VKRXOG EH FDUULHG RXW IURP DPELHQW XS WR D WHP�
SHUDWXUH KLJKHU WKDQ ����R&� DQG WKHQ QHZ SKDVHV KDYH IRUPHG� 2QO\ DW D ORZHU WHP�
SHUDWXUH� VXFK DV ����R& LV WKH VWHS RI QXFOHDWLRQ DQG JURZWK REYLRXV ZLWK WKH LVR�
WKHUPDO PHWKRG LQ WKH LQLWLDO SHULRG �)LJ� ��� 7KHUHIRUH� WKH QRQ�LVRWKHUPDO PHWKRG
FDQ FRPSOHWHO\ GHPRQVWUDWH WKH NLQHWLF PHFKDQLVP IRU WKH GLUHFW UHGXFWLRQ RI DUWLIL�
FLDO FKURPH LURQ RUH�

&RQFOXVLRQV

7KH NLQHWLF UHVXOWV REWDLQHG ZLWK WKH LVRWKHUPDO DQG QRQ�LVRWKHUPDO PHWKRGV DUH
WKH VDPH LQ WKH PDLQ UHDFWLRQ UHJLRQ� 7KH NLQHWLF PHFKDQLVP DQG NLQHWLF SDUDPHWHUV
FDQ EH REWDLQHG FRPSOHWHO\ E\ WKH QRQ�LVRWKHUPDO PHWKRG�

)LJ� � 5HODWLRQVKLS EHWZHHQ >−OQ(�−α)@���
DQG WLPH
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7KH NLQHWLFV RI GLUHFW UHGXFWLRQ RI FKURPH LURQ RUH LQYROYHV WKUHH VWHSV� ,Q WKH LQ�
LWLDO� PLGGOH DQG ILQDO SHULRGV� WKH UHDFWLRQ LV FRQWUROOHG E\ QXFOHDWLRQ DQG JURZWK� D
SKDVH ERXQGDU\ UHDFWLRQ� DQG GLIIXVLRQ� UHVSHFWLYHO\� ,Q WKH PDLQ UHDFWLRQ UHJLRQ�
WKH GLUHFW UHGXFWLRQ LV FRQWUROOHG E\ D SKDVH ERXQGDU\ UHDFWLRQ� 7KH NLQHWLF HTXD�
WLRQ LV �−(�−α)���=NW� DQG WKH DSSDUHQW DFWLYDWLRQ HQHUJ\ LV DERXW ��� N- PRO−��
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